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It is well known that, even in the simplest cases, the study of the sta-
bility of the laminar flow of an incompressible viscous liquid entails
great mathematical difficulties. However, there is one particular case
of hydrodynamic equations in which, under somewhat idealized conditions
for the flow of liquid, such a study may be carried out to the end with-
out great difficulty.

1. Let us examine a system of equations for the plane movement of an
incompressible viscous liquid in a plane xy
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Here, u and v are the velocity projections on the z- and y-axes; the
density is everywhere comsidered as equal to one; it is assumed that an
external force F per unit mass is acting on the liquid, its components
along the x~ and y-axes being, respectively

Fy=1siny, Fo=0 >0

The idealization of conditions will consist in that, instead of the
no-slip boundary conditions which are usually studied, we will be
examining solutions of system (1.1) in a class of functions with a
period of 2r along y. The system (1.1) has the stationary solution

sin ¥, v =0, p = const (1.2)
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The velocity curve given by this solution contains an inflexion point.
It is therefore natural to expect that at high Reynolds’ numbers this
flow will be unstable. The task of examining the stability of the laminar
solution (1.2) of system (1.1) was placed before us by A.N. Kolmogorov
at a seminar conducted by him[1 ].

We study the stability of solution (1.2) by the method of small dis-
turbances. The assumption
n
S u(z, y)dy==90
—_TC
which assures the absence of any systematic displacement, permits us to
introduce a stream function which will be periodic along y.
The stream function of infinitely small disturbances ¢ = ¢(x, y, t)
satisfies the equation (see, for example, [2], Sectioms 1,2)
3 T . 9 .
i AP + o siny 5 (@ + Ap) = vAp (1.3)

A is a Laplace operator. The periodicity of ¢»along y permits us to
use Fourier series. Let us seek a solution ¢ of the form

[ve]
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~——00
We then obtain from (1.3), for coefficients ¢
tions

n the system of equa-

(1.4)
2
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In this paper we examine the sign of the real part of those values of
o for which there is a nontrivial solution of system (1.4) which tends
toward zero when | n| - . From these further results we may draw the
following conclusions.

1) When a > 1, the real part of o is always negative; i.e. the solu-
tion (1.2) is stable.

2) The values of o which have a non-negative real part must be real.
This also confirms the usually proposed principle of stability change
(see, for example, [ 2 ], section 2,1, p. 27).

3) 1t is evident from the graph of the neutral curve that when the
Reynolds’ number increases, instability sets in at small values of a.

2. Let us derive the equations for o. We introduce the following
notation:
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2v (a2 4 n¥) [v (0 4 n%) 4 o]

On = O (v, ) = = a (a2 — 1+ n?)
d,=d, (v, 0) =¢,(a®*— 1+ n?)

System (1,.4) may now be rewritten

tpdy +dpy_y—d, =0 2.1)

Let us assume that system (2.1) has a solution {dn} which satisfies
the requirements we have set. It is easily seen that in this case dy
cannot become zero for any value of k., Indeed, if dk = 0 and k> 0, then
dy’ # 0 when k"= k; otherwise the solution would be trivial. Con-
sequently, having set py= di/di—-l' where i > k + 1, we obtain from
(2.1)

an+_;_;=pn+1 mpE n >k 41 2.2)

The solution of system (2.2) may be written in the form

G yg + 1
Chgy + 1

Pr4a

Let us assume that o is real and positive. Under these conditioms,
8, > 0 when n> 0 and p, > a, - oo, which is impossible. If o is com-
plex, then we may consider system (2.1) separately for the real and
imaginary parts of the coefficients a,. The same considerations applied
to the real part of a, lead to the required result. The case d, = O,
where k < 0, may be considered anslogously.

Thus, for arbitrary values of n we may set up

dn—d

dn o °
Pr=pp (v, ) =g — (n>0),  pp=pp(¥,0)=—7— (n<<0) (2.3)

The following assertion will be basic for the forthcoming. If

Ta, - (2.4)
then Pu- 0, when n~ o, If equality (2.4) is not satisfied, then
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In actual fact, it follows from (2.2) that when Re o > 0, if Re pn;>n,
then Re Pnsk is also > 0 (when k > 0), or Re Pn+-k‘> Re @, > co(n = od),
which is impossible.

It is thus absolutely necessary that Re p be negative at any given
value of n. For any stipulated ¢, a number k will be found such that
Re a, will be greater than 1 for n > k, since Re a, > o, where n -+ o,
For n > k, condition Re Pns1 < 0, together with Equation (2.2), means
that Pn must be placed on & complex plane, within the circle of radius
1/Re e, tangent to the imaginary axis and lying in the left semiplane.
Repeated use of Equation (2.2) shows that Pn_1 must be located within a
certain circle, lying in the left semiplane and having a radius smaller
than 1/Re a,, etc. As a result, P also must lie in a certain circle in
the left semiplane, having a radius smaller than 1/Re Gy The inter-
section of circles constructed for p, at different values of n cannot
include more than one point, since the radii of these circles tend toward
zero when n - oo, It is easily seen that the value Py determined by the
formula

i

Pe="Ta, + 1
Oeyy +_ 1
Gr o

belongs to all these circles and, consequently, is the only possible
value for Py Enploying once again Equation (2.2), we easily obtain
Formula (2.4). The assertion stated above is also proved by the same
process.

Applying the same considerations to negative values of n, we deter-
mine that the only value of p ~ 1 which 1s

1 e reasonable for the above problem is obtained
by the formula
4t 1
b= + 1 Ta 1
o5k a_g + - ag + -+ (2.5)
From Equations (2.1) it follows, when
n = 0, that .
R - e
B 2 SERRKEEEE
vz
or, by virtue of (2.4) and (2.5)
& 1
T2 T a+ 1

PAREIS (2.6)
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From this we conclude that in order for system (2.1) to have a solu-
tion which tends toward zero when |n| » o, it is necessary, and also
sufficient, that o satisfy Equation (2.6).

3. An analysis of Equation (2.6) enables us to make immediately cer-
tain conclusions about stability.

The following fact pertains: if a > 1, Equation (2.6) will have no
solutions o for which Re o > 0.

Indeed, if a > 1, Re(— ay/2) < 0. On the other hand, the expression

i
Py & (¥ c)z'a'_*_ 1
a o 1
ap
at any value of k and with Re o > 0 has & positive resal part, and con-
sequently under these conditions the equality (2.8) is impossible.

Refinement of this reasoning shows that when a < 1 Equation (2.6) has
only real solutions when Re o > 0. In actual fact, let us assume for de-
finiteness that Im o > 0. Then arg a, > 8rg e, , where n > 0, in which
case the equality is possible only when arg ¢ = 0. However, with any
value of &

argp; S arg ey, if argp; <=
2n—argp, << argay, if argp, ,>=

The assertion expressed above is thereby proved.

1f y and v are changed in such a way that their relationship remains
constant, the profile of the laminar flow will be unchanged. The figure
depicts the approximate variation of the neutral curve for the case
2v/y = 1. The comstruction of the graph is based on equalities

8, <P <Py, 1 (3.1)

which demonstrate that the graph differs from the true variation of s
neutral curve when a < 1/ v/ 2 by no more than 0.09 along R. It is not
difficult to show that whem @ » 1 — 0, the neutral curve tends asymptotic-
ally toward a straight line @ = 1. From inequalities (3.1) we may also
conclude that at small values of o and rather large values of R, there
exist positive solutions of Equation (2.6); i.e. solution (1.2) is un-
stable,

The authors wish to thank A.N. Kolmogorov for his presentation of the
problem and his valuable comments on the results.
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